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Abstract
It is well known that most actinides fission into fragments of unequal size. This contradicts liquid-drop-
model theory from which symmetric fission is expected. The first attempt to understand this difference
suggested that division leading to one of the fragments being near doubly magic 132Sn is favored by
gain in binding energy. After the Strutinsky shell-correction method was developed an alternative idea
that gained popularity was that the fission saddle might be lower for mass-asymmetric shapes and that
this asymmetry was preserved until scission. Recently it was observed [Phys. Rev. Lett. 105 (2010)
252502] that 180Hg preferentially fissions asymmetrically in contradiction to the fragment-magic-shell
expectation which suggested symmetric division peaked around 90Zr, with its magic neutron number
N = 50, so it was presented as a “new type of asymmetric fission”. However, in a paper [Phys.
Lett. 34B (1971) 349] a “simple” microscopic mechanism behind the asymmetry of the actinide fission
saddle points was proposed to be related the coupling between levels of type [40ΛΩ] and [51ΛΩ]. The
paper then generalizes this idea and made the remarkable prediction that analogous features could
exist in other regions. In particular it was proposed that in the rare-earth region couplings between
levels of type [30ΛΩ] and [41ΛΩ] would favor mass-asymmetric outer saddle shapes. In this picture
the asymmetry of 180Hg is not a “new type of asymmetric fission” but of analogous origin as the
asymmetry of actinide fission. This prediction has never been cited in the discussion of the recently
observed fission asymmetries in the “new region of asymmetry”, in nuclear physics also referred to as
the rare-earth region. We show by detailed analysis that the mechanism of the saddle asymmetry in
the sub-Pb region is indeed the one predicted half a century ago.
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1. Introduction
The discovery of fission in 1938 was based on
the identification of barium (Z = 55) in the prod-
ucts following bombardment of uranium with neu-
∗Corresponding author
Email address: mollerinla@gmail.com (P. Mo¨ller)
trons [1]. An immediate intuitive theoretical model
providing a picture of the phenomenon in terms
of the deformation of a charged liquid drop with
a surface tension was given by Meitner and Frisch
[2]. The discovery and its interpretation was fur-
ther confirmed by observation of the high kinetic
energies of the fission fragments [3]. About half
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a year later Bohr and Wheeler provided a more
complete theoretical and quantitative discussion
of the observed fission process by generalizing the
semiempirical mass model [4] into a liquid-drop
model of the nuclear potential energy as a func-
tion shape [5].
However, the liquid-drop model theory did not
explain the observations that the preferred mass
split, of the light actinide systems studied at the
time, was asymmetric mass division with a heavy
fragment with nucleon number A ≈ 140 and the
remaining nucleons in a smaller fragment. The en-
ergetically preferred division in liquid-drop model
theory is symmetric. Since the discovery of fis-
sion a subject of intense interest has been and
still is to explain the observed fission asymmetry
and ideally to model more exactly the observed
yield distributions.
An initial qualitative theoretical interpretation
for the experimental observations of asymmetric
fission was that fissioning systems favor division
into a heavy fragment near the doubly magic 132Sn
because the magic proton number Z = 50 and
neutron number N = 82 and associated micro-
scopic effects result in an extra binding of about
12 MeV in132Sn relative to liquid-drop theory. In
this interpretation asymmetric fission would be
roughly limited to the actinide region because no
nuclei outside this region can divide into a doubly
magic fragment while preserving the Z/N of the
fissioning nucleus, a necessity due to the rapid in-
crease in the symmetry energy for deviations from
this ratio.
Once, after Strutinsky had introduced his quan-
titative method [6, 7] for calculating how micro-
scopic effects lead to differences in the calculated
nuclear potential energies, relative to the liquid
drop model, another explanation for asymmetric
fission was investigated: asymmetric fission oc-
curs because the lowest saddle between the ground-
state and separated fragments would correspond
to mass-asymmetric shapes. The first calcula-
tions showing that actinide shapes at the energet-
ically most favorable saddle correspond to mass-
asymmetric shapes and for lighter systems corre-
spond to symmetric shapes were obtained in 1970
[8]. These results were confirmed a year later by
another group [9], also in a Strutinsky-type cal-
culation but with a different single-particle model
(Woods-Saxon), so the results appeared very ro-
bust. Only limited studies of the occurrence of
asymmetric saddle point shapes outside the ac-
tinide region were performed at this time. It was
implicitly assumed that the shape asymmetry at
the saddle was preserved until the final fragments
formed and separated. We will discuss why and
to what degree this is the case in many fissioning
nuclei. Early papers did indeed show a strong cor-
relation between the calculated degree of asymme-
try of the nuclear shape at the saddle point and
the observed final mass asymmetry, see for ex-
ample Refs. [9, 10]. These early studies of the
asymmetry of the saddle points were based on
studies of the nuclear potential energy as a func-
tion of a very few shapes, 175 in a 1974 calcu-
lation [11, 12] for example. It was generally rec-
ognized that more realistic models of fission frag-
ment asymmetries needed to add dynamical or
statistical considerations in addition to potential-
energy calculations, and obviously also include
microscopic effects. A vast number of various
types of such calculations have been carried out
over they years, but partly because of limited
computer power many approximations were made.
In particular the potential energy was not cal-
culated for a sufficiently large number of nuclear
shapes and no model that became generally used
emerged until very recently. Also, models were
not applied to studies of large regions of nuclei, so
it was impossible to understand if they were suffi-
ciently realistic to predict fission-fragment yields.
In fact, when K.-H. Schmidt performed his semi-
nal study of fission-fragment charge distributions
of 70 different fissioning species [13] and tried to
find corresponding calculations that showed the
transition region between symmetric and asym-
metric fission that he observed in the regions he
studied (85 ≤ Z ≤ 94) he found only a 30-year
old, very simple study that covered the region of
interest [10].
2
2. Current status of fission-fragment mass-
distribution studies
It has been argued that to calculate a suffi-
ciently general nuclear potential-energy surface it
must be a function of all major shape types that
the nucleus exploits during the transition from
a single parent nucleus to separated fragments,
namely elongation, neck size, the two (indepen-
dent) nascent fragment shapes, and mass asym-
metry, that is five independently variable shape
parameters (referred to as a “5D” calculation be-
cause of the five independent shape variables).
Such a calculation, which should be a continu-
ous function of the shape variables to be mean-
ingful, makes it necessary to calculate the po-
tential energy for several million different nuclear
shapes. The necessary computer power has only
been available for the last 20 years or so. The
first such calculations are discussed in Refs. [14,
15, 16]. More complete discussions and extensions
to more than 5000 nuclei in the regions 171 ≤ A ≤
330 are in Refs. [17, 18]. The most probable mass
split was again determined from the structure of
the potential-energy surface, now somewhat re-
fined so the asymmetry was obtained from the
asymmetry of the “asymmetric fission valley” as
discussed in Ref. [16]. The results agreed with
the most probable observed mass splits to within
3 nucleons.
Around the year 2000 there still existed only a
few experimental studies of fission-fragment mass
distributions substantially below the actinide re-
gion. A study by Itkis [19, 20] of fission-fragment
distributions of nuclides in the region A ≈ 200
was interpreted as showing a hint of mass asym-
metry at excitation energies of about 30 MeV, or
10 MeV above the saddle point.
A game changer in experimental fission stud-
ies was that of the β-delayed fission of 180Tl in
Ref. [21]. It is the daughter 180Hg following the
β-decay of 180Tl that fissions. The excitation en-
ergy cannot exceed the Q-value of the β decay,
slightly over 10 MeV and just barely above the
fission saddle energy so microscopic effects can be
expected to be much more expressed than in the
studies by Itkis. It is stated in the abstract of Ref.
[21] that common expectations at the time of the
experiment were that fission would be symmetric
because it would lead to two 90Zn fragments with
N = 50 magic and Z = 40 semimagic. How-
ever, the experiment established 100/80 as the
most probable mass split. It was also stated it
was a new type of asymmetric fission because the
observed mass split was not related to fragment
shell effects. A 5D potential-energy calculation
based on the model in [16, 17] and included in
Ref. [21] found a saddle asymmetry of 108/72.
A second, now theoretical, game changer took
place a few years later. It was for the first time
shown in Ref. [23] that fission-fragment mass dis-
tributions could be routinely, quantitatively and
globally calculated, with an accuracy not previ-
ously achieved, in a consistent and well-defined
model. In this approach “dynamical” aspects of
the evolution from ground state to separated frag-
ments are treated as random walks on the pre-
viously calculated 5D potential-energy surfaces,
with the walk simulated by means of the Metropo-
lis procedure. In its first implementation no pa-
rameters were adjusted to experimental mass yields.
Still, excellent agreement with the eight test cases
studied in [23] was achieved. Later a phenomeno-
logical damping of the shell correction with two
globally adjusted parameters was included [24], in
which paper yields were calculated and compared
to the 70 charge yields measured by Ref. [13], with
excellent agreement. The model was soon after
used to predict fission yields for 987 nuclides and
the most probable fragment mass asymmetry in
the regions 74 ≤ Z ≤ 94 [22]. We reproduce a
figure from that paper as Fig. 1 here.
3. The microscopic mechanism behind the
fission saddle asymmetry
Very soon after the first calculations [8, 9] of
fission saddle point asymmetries by use of the
Strutinsky shell-correction method, an explana-
tion, in simple terms, of why the second saddles
in actinides correspond to asymmetric shapes was
presented in Ref. [25]. As is common in nuclear
physics in discussions of single-particle levels and
transition rates the concept and notation of asymp-
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Figure 1: Calculated symmetric-yield to peak-yield ratios for 987 fissioning systems. Black squares (open in colored
regions, filled outside) indicate β-stable nuclei. From Ref. [22] where the results in the figure are further discussed.
totic quantum numbers [N nz Λ Ω] is used in this
reference as we therefore also do here. These are
the quantum numbers of the eigenfunctions of a
deformed, axially symmetric harmonic oscillator
[26, 27, 28]. At first sight it might not seem possi-
ble to give a simple explanation for why some sad-
dle shapes are asymmetric because the potential
energy at a specific shape, such as the saddle, is a
sum of macroscopic Coulomb- and surface-energy
terms, each about 800 MeV (where the leading-
order term in a deformation expansion in terms of
β2 is of different sign in the Coulomb and surface
energy terms) and a microscopic shell-correction
term of magnitude ±10 MeV. Each of these terms
depends in a complicated way on the several de-
formation parameters considered, with large can-
cellations occurring between the shape-dependent
parts of the Coulomb- and surface-energy terms.
In addition the shell corrections depend on level
structure. Therefore, to arrive at a “simple” ex-
planation for the asymmetry at the saddle point
might seem impossible, because variations in the
sum of the above terms of only a few MeV deter-
mine if the saddle shape is symmetric or asym-
metric.
3.1. The microscopic origin of the asymmetry of
the fission saddle in actinide nuclei
Ref. [25] approached the issue of why the sad-
dle point is asymmetric by avoiding the difficult
issue of the complicated behavior of the multi-
term, multivariable potential-energy function. It
approached the question from a different direc-
tion by showing that the key reason for asymmet-
ric saddle points in actinide nuclei is the influence
of neutron orbitals of types [40ΛΩ] and [51ΛΩ],
in particular the interaction between these levels.
The latter are for small elongations above the for-
mer but slope less than the former with increas-
ing elongation so the two types become close at
the elongated saddle distortions with the neutron
Fermi surface roughly in between the two level
types. See Fig. 2 in Ref. [25] for the behavior of
these levels with deformation. When the nucleus
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Figure 2: Levels versus the asymmetry coordinate β3 start-
ing from the outer symmetric saddle of 240Pu. The level
behavior closely resembles Fig. 3 in Ref. [25], illustrat-
ing the microscopic mechanism behind the actinide saddle
asymmetry, as explained half a century ago. The gray ver-
tical column is located at the calculated saddle asymmetry.
For clarity we have here placed Ω to the right of the right
square bracket, in contrast to in the text.
is asymmetrically deformed at the saddle point
the [51ΛΩ] levels bend upwards an the [40ΛΩ] lev-
els bend downwards, due to couplings, or matrix
elements, between these wave functions via the
asymmetry part of the potential as schematically
discussed and shown in Fig. 3 in Ref. [25].
We show here the corresponding results in our
most current model in Fig. 2. The saddle points
have been calculated in our full 5-dimensional three-
quadratic-surface parameterization as described
in Ref. [17]. However, one-dimensional level di-
agrams are most suitably displayed in less “non-
linear” coordinates than those of the three-quadratic-
surface parameterization. Therefore we have con-
verted the three-quadratic-surface shape coordi-
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Figure 3: Levels versus the asymmetry coordinate β3 start-
ing from the symmetric saddle of 18678Pt. Just as predicted
half a century ago in Ref. [25] the levels of type [30ΛΩ]
couple strongly to levels of type [41ΛΩ] leading to a large
gap for asymmetric shapes at the neutron Fermi surface
(N = 108) and therefore asymmetric saddle shapes are en-
ergetically preferred. The gray vertical column is located
at the calculated saddle asymmetry. For clarity we have
here placed Ω to the right of the right square bracket, in
contrast to in the text.
nates at the saddle points to β shape coordinates
using Eq. 2 in Ref. [17]. The levels start at the
calculated symmetric saddle point at β3 = 0. As
β3 increases we see a very similar behavior as in
Ref. [25]. This is despite the vastly smaller defor-
mation space, about 100 different shapes, used in
Ref. [25] to determine saddle-point shapes, com-
pared to the millions of shapes included in Ref.
[17]. Remarkably the level order within the level
groups [40ΛΩ] and [51ΛΩ] is the same in both
calculations. The [505 11/2] level is consider-
ably lower in our case, which is due to differences
between the single-particle potentials in the two
5
models.
3.2. The microscopic origin of the asymmetry of
the fission saddle in rare-earth nuclei
The case made in Ref. [25] that couplings be-
tween levels of types [41ΛΩ] and [51ΛΩ] are the
origin of the fission saddle asymmetry stimulated
the discussions, both those directly related to fis-
sion for example [29, 11] but also those related to
more fundamental properties [30, 31, 32]. How-
ever, discussions in Ref. [25] of actinide fission
were what we sometimes refer to as postdictions
(or postexplanations). But, the paper uses the in-
sight gained from the actinides in a less frequent
way, namely to make predictions. In Ref. [25] it
is stated that “A corresponding situation is ex-
pected for nuclei that are one shell lighter in neu-
tron number in which case the orbitals [303 5/2],
[301 3/2], [301 1/2] should be involved and couple
strongly . . . to [413 5/2], [411 3/2] and [411 1/2]”.
And later in the manuscript rare-earth nuclei are
mentioned as where these levels may be suitably
positioned to lead to asymmetric saddle points.
The study also had the insight to state: Here the
barrier extends to much larger distortions where
the description in terms of solely 2 and 4 is
far less satisfactory. Then the more general pa-
rameterization suggested by other groups working
in this field along similar lines is clearly needed
[9]. This reference number points to four dif-
ferent publications, one of which uses the three-
quadratic-surface parameterization we now use in
our investigation here and in many other fission
studies.
We have now studied in detail if the micro-
scopic mechanism behind the saddle asymmetries
in the sub-Pb region is the simple one predicted
in 1971 [25], specifically if the the postulated in-
volvement of the specific levels mentioned does
occur. We have selected for our study 186Pt which
is located in the center of the calculated, (by use
of 40-year later, quantitative models) new region
of asymmetry [22], see the figure from that pa-
per which we reproduce here as our Fig. 1. We
see that the prediction of Ref. [25] is right on the
mark. For the neutron number N = 108 of 18678Pt
there is a high level density at β3 = 0 but a low
density at β3 = 0.08 which is the calculated value
at the asymmetric saddle point, indicated by a
gray bar in the figure. Other observations we can
make is that the saddle point of 18678Pt is more elon-
gated (β2 = 1.31) than that of
240
94Pu (β2 = 0.85)
as pointed out in Ref. [25]. The larger asym-
metry (β3 = 0.175) at the saddle point of
240
94Pu
compared to the smaller (β3 = 0.08) for
186
78Pt is
also in qualitative agreement with what can be ex-
pected from experiment (about 140/96 for 24094Pu
and 100/80 for 18080Hg, the nearby
186
78Pt has not
been measured yet). More quantitative methods
are used in Refs. [16, 17, 33]. Now we may ask,
since we showed that the microscopic mechanism
between the fission saddle asymmetry is the same
in the actinide region and in the rare-earth region:
is the asymmetry of 18080Hg fission “a new type of
asymmetry”. To try to answer this question we
need to discuss if and how the saddle asymme-
try may be related to the final asymmetry after
fragment separation.
4. The relation between saddle-point asym-
metry and fragment asymmetry
An early calculation of the potential energy
versus shape from saddle to scission for 236U was
the study in Ref. [11]. In this study the nuclear
shape at the saddle is indeed asymmetric but for
for more elongated shapes symmetry seems reestab-
lished, see Fig. 6 in [11]. However, due to compu-
tational limitations at the time, (the figure took
28 hours on a CDC 6600 to calculate) the fig-
ure was based on only 175 different shapes. It
was speculated at the time that this switchback to
symmetry after the fission saddle point might be
due to the limited set of shapes that were (by ne-
cessity) considered. About 30 years later, calcu-
lations of potential-energy surfaces based on five
shape degrees of freedom and up to 5 000 000 dif-
ferent shapes showed that the saddle asymmetry
is indeed preserved (in the form of a deep valley
with constant asymmetry) in many actinides as
they evolve towards scission see for example fig-
ures in Refs. [16, 17, 34]. It was found earlier
that for actinides the final fragment shell struc-
ture, such as gaps at magic numbers, persist to
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Figure 4: Two-dimensional potential-energy surface for
236U which shows some essential features of the full 5D
potential-energy surface. Two crossed (red) lines show the
locations of some saddle points. Note in particular that
the valley across the asymmetric saddle continues to the
largest q2 shown, where the nucleus is on the verge to into
two fragments. From [34].
smaller deformations, even to some degree to elon-
gations corresponding to the second minimum, see
Figs. 2 and 7 in Ref. [35] and Fig. 39 in Ref. [36].
In Fig. 4 we show how this level structure affects
a calculated potential-energy surface by present-
ing, schematically, results for 236U versus elonga-
tion q2 and asymmetry αg. The picture is con-
structed with the aim to show “essential features”
of the full 5D potential energy. Although 2D it
is based on our analysis of the full 5D calcula-
tion. We are often asked, can you not present
such surfaces for all your nuclei “so we can un-
derstand things”. We need to point out again,
that one cannot accurately depict many features
of the full 5D space in a 2D plot like this for many
reasons. To “understand things” one has to ana-
lyze the full 5D space. One technique often used
for reducing the 5D potential to 2D is to “mini-
mize” with respect to the other shape degrees of
freedom. But, if there are several minima versus
the additional three shape coordinates there is no
well-defined way of doing this minimization. Fur-
thermore the ridge between the asymmetric val-
ley and the symmetric valley in Fig. 4 may have
a larger asymmetry than the bottom of the asym-
metric valley and then it is completely impossible
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Figure 5: Two-dimensional potential-energy surface for
180Hg which shows some essential features of the full 5D
potential-energy surface. Two crossed (red) lines show the
locations of some saddle points. From [34].
to display that in 2D. Additional issues are dis-
cussed in Ref. [17]. In our case here the ridge
asymmetry is smaller than that of the asymmet-
ric valley. However, the weakly developed saddle
from the third minimum into the symmetric valley
has a larger asymmetry than the saddle leading
from the third minimum into the asymmetric val-
ley. Both these saddles are indicated by arrows
originating in the corresponding shapes. There-
fore to make it possible to present 2D figures we
improvivsed and just changed the asymmetry of
the saddle leading from the third minimum into
the symmetric valley to a smaller value. This does
not change the main features of the potential en-
ergy surface or our conclusions here, namely that
there is a deep, well-developed asymmetric val-
ley extending continuously from the outer fission
saddle to where the figure ends, corresponding to
fragment separation.
In Fig. 5 we show schematically in 2D the es-
sential features of the 5D potential-energy surface
of 180Hg. Here there is just one symmetric val-
ley at large distortions. The fission saddle cor-
responds to asymmetric shapes. Why does this
asymmetry then apparently persist in the final
fragment mass split? In Ref. [21] it is argued that
already at the elongated saddle shape (much more
7
so than in the actinide region) a well developed
neck is present. Furthermore at the very low ex-
citation energy of this experiment, the mountain
and the small ridge extending from this mountain
to larger elongation prevents the nucleus from ac-
cessing the symmetric valley until the neck is so
small that the nucleus is separating into fragments
before dropping into the symmetric valley, which
is actually a “fusion” valley. The differences be-
tween fission and fusion valleys are discussed in
more detail in, for example, Refs. [37, 35, 38, 17]
5. Summary
As discussed above many of the theories about
the origin of the asymmetry of fission fragment
mass distributions were intuitive, and not always
anchored in a well specified approach that could
routinely be applied to any fissioning system. The
study in Ref. [25] was specific in several respects:
1) that specific levels were responsible for the in-
stability of the second saddle to mass-asymmetric
shape deformations, and 2) that a similar situ-
ation would occur in the so-called rare-earth re-
gion. It was implicitly assumed that saddle asym-
metry would lead to fragment asymmetry based
on the correlations between calculated saddle prop-
erties and experimental fission yield data known
at the time.
Now asymmetry has been observed in the rare-
earth regions, most clearly for 180Hg. We have
shown here that also the mechanism behind this
asymmetry is the one predicted in 1971 [25], so
the prediction was not just a guess, the physics
background is the one discussed in 1971.
Ideally in comparing “theory” to experiment
it is desirable to have a complete model spec-
ification, possibly an associated computer code
that does not change in step with new experi-
ments. In applications to fission fragment yields
it should be possible to routinely apply such a
model by simply providing the proton and neu-
tron number of the fissioning system and its ex-
citation energy, run the code and obtain a calcu-
lated yield. Until recently no such model existed.
However, soon after the 180Hg experiment [21]
such a model was developed, namely the Brown-
ian shape-motion model which implements a ran-
dom walk on previously calculated 5D potential-
energy surfaces. Details of the model, extensive
tests with respect to experimental data, and sen-
sitivity studies are in Refs. [23, 39, 24]. In this
quantitative model the most likely mass split in
low-energy 180Hg is 104.4/75.6 [33]; the experi-
mental result is 100/80 [21]. This model predicts
an extended region of fission fragment asymmetry
in the rare-earth region. The 50 year old obser-
vation that interactions between specific single-
particle states would lead to asymmetric fission
saddle points and related asymmetric fragment
mass splits hints at an extended, contiguous re-
gion of asymmetry in the rare-earth region, since
similar interactions lead to an extended region
of asymmetry in the actinide region. Therefore,
there are two mutually supporting results showing
an extended region of asymmetric fission in the
rare-earth region, predictions that can be tested
further by experiments.
Our experimental colleagues have repeatedly
asked us for “a simple explanation” why the 180Hg
fission saddle is asymmetric. In the words of Ref.
[25] in their conclusions, this has now been ac-
complished:
This analysis based on the simple coupling rules
of the asymptotic wave functions thus appears to
give a simple understanding of and strong support
to the conclusions reached in the calculations of
ref. [8] (namely that the actinide saddle-points are
asymmetric; the same argument obviously carries
over to the rare earth region).
This work was carried out under the auspices
of the NNSA of the U.S. Department of Energy at
Los Alamos National Laboratory under Contract
No. DE-AC52-06NA25396.
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